proposed a new approach to improve the error term of the prime geodesic theorem for the modular group and actually obtained the exponent 25/36 of the error term. In the present paper, we sharpen it to 9/13.
Introduction
(log t) −1 dt ∼ x/ log x (see, e.g. [17] ). This asymptotic formula has been considered as an analogue of the prime number theorem.
π(x) := #{p: prime, p < x} ∼ li(x), as x → ∞.
As well-known, the Riemann hypothesis is equivalent that π(x) − li(x) ≪ ǫ x 1/2+ǫ for any ǫ > 0. Also for the prime geodesic theorem, it has been expected that the essential error term is O ǫ (x 1/2+ǫ ). However, the exponent of the essential error term of the prime geodesic theorem is still 3/4 for most Γ [17] , despite an analogue of the Riemann hypothesis for the Selberg zeta function holds except at most a finite number of real zeros in (1/2, 1). For the modular group, Iwaniec ([9] , 1984) first broke the 3/4-bound and got the exponent 35/48 by using the Kuznetsov trace formula. After his contribution, , 1995) improved it to 7/10 and Cai ([5] , 2002) further reduced it to 71/102 = 0.6960 · · · by improving the estimates of the terms in the Kuznetsov trace formula. Note Luo-Sarnak's 7/10-result was extended to the congruence subgroups of the modular group and the quaternion-type arithmetic co-compact groups by Luo-Rudnick-Sarnak [13] and Koyama [11] respectively. About a decade later from Cai's work, , 2013) introduced a new idea, "smoothing" the counting function associated with π Γ (x), and actually obtained the exponent 25/36 = 0.6944 · · · . They also proved that, if the Lindelöf conjecture for the Dirichlet L-function holds, the exponent is further improved to 2/3.
In these several years, the prime geodesic theorem has been studied actively. For example, Koyama [12] and Avdispahić [1] proposed the Gallagher-type prime geodesic theorem, Cherubini-Guerreiro [6] and Balog-Biró-Harcos-Maga [3] estimated the square-means of the error terms, and Balkanova-Frolenkov [2] gave another proof of the 25/36-result without the smoothing approach.
The aim of the present paper is to sharpen the error term of the prime geodesic theorem for the modular group. We improve the prime geodesic theorem in a short interval appearing in Soundararajan-Young's work (see Theorem 3.2 in [18] ) by using Iwaniec's character sum inequality [10] . The main result is as follows.
Though the exponent 9/13 = 0.6923 · · · in the theorem above has not yet reached to 2/3 given under the Lindelöf conjecture, it is better than the unconditional result 25/36.
Prime geodesic theorem
Throughout this paper, we study the prime geodesic theorem for Γ = SL 2 (Z). For x > 0, let
It is easy to see that Theorem 1.1 is equivalent that
Before proving of our theorem, we first sketch the smoothing approach introduced by Soundararajan-Young [18] .
The smoothing approach
For Y > 0, let k(y) be a smooth real-valued function with compact support on (0, Y ). Supposed that
Theorem 3.1 of [18] , due to Luo-Sarnak's work [14] , estimates the first term in the right hand side of (2.2) by
where θ ≥ 0 is the exponent of the upper bound of the Dirichlet L-function L(z, χ D ) := n≥1 (D/n)n −z on the critical line, i.e. θ is the constant satisfying
for some A > 0. Note that θ = 1/6 is presently the best result by Conrey-Iwaniec [7] , and θ = 0 holds if the Lindelöf conjecture is true. Then, by taking Y = x 5/6−2θ/3 , one can obtain Soundararajan-Young's result [18] . 
Mean Dirichlet L-values
In this subsection, we study mean values of L(1, χ D ) to estimate ψ Γ (x + y) − ψ Γ (x) − y in another way. We first give the following character sum inequality derived from Theorem 2 in [10] .
Then, for any ǫ > 0, there exists a constant c(ǫ) > 0 such that
where the sums t , n are over integers and D t,u := (t 2 − 4)/u 2 .
Proof. Let D, N > 0 be integers, D a finite set of positive integers with D ⊂ [D, 4D] and {a n } 1≤n<N ⊂ C a sequence. Theorem 2 of [10] states that, for any ǫ > 0, there exists a constant c(ǫ) > 0 such that d∈D 1≤n<N
. We see that l 2 | D t,u if and only if t 2 ≡ 4 mod l 2 u 2 . Then there exists a constant C 1 > 0 not depending on u, v such that
where w(n) is the number of distinct prime factors of n. Similarly, we get
for some C 2 > 0. Since 0 < ∆ < X, Lemma 2.1 follows from (2.7) immediately.
We now prove the following asymptotic formula for a mean value of L(1, χ D ).
Then we have
Proof. Let 0 < N < M and divide ϕ u,v (X, ∆) by
First, the following estimate of A 3 is given by Pólya-Vinogradov's inequality [15, 19] (see also pp.206 of [4] ).
(2.9)
Next, by using Lemma 2.1, we have
The following bound on A 2 is thus given by Hölder's inequality.
Finally, we study A 1 . We can write
where e(α) := exp(2πα √ −1). For a = 0, we see that B 1 (a, n) ≪ ||a/n|| −1 and, due to (iv) of Lemma 5 in [8] (see also [16] ), B 2 (a, n) ≪ n2 w(β(n)) β(n) −1/2 , where || * || is the distance from the nearest integer and β(n) := p|n,2∤rp p for n = p|n p rp . Then we have
Combining (2.9), (2.10), (2.11) with N = ∆ 11/12 X 1/3 , M = X 2 , we can prove this lemma.
Proof of Theorem 1.1
In this subsection, we conclude the proof of Theorem 1. We can rewrite the equation above by
(2.13)
Then, applying Lemma 2.2, we obtain 
We can thus replace (2.4) into ψ Γ (x + y) − ψ Γ (x) − y ≪ ǫ y 2 x −1 + y 5/6 x 1/12+ǫ + y 11/24 x 17/48+ǫ .
(2.14)
The inequality (2.1) is given from (2.2), (2.3) and (2.14) with Y = x 19/26 . Theorem 1.1 follows immediately.
